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B− → µ−ν¯µγ AND THE DETERMINATION OF fB
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We compute the rate of the decay B− → µ−ν¯µγ by a QCD relativistic potential
model, with the result: B(B− → µ−ν¯µγ) = 0.9 · 10−6. We also discuss how this
decay mode can be used to access fB.
1 Introduction
The B meson leptonic constant fB, defined by < 0|q¯γ
µγ5b|B(p) >= i fBp
µ,
plays a prime role in the physics of heavy-light quark systems. In principle, it
can be obtained from the purely leptonic decays: B− → ℓ−ν¯ℓ, whose rates are
proportional to f2B. However, the helicity suppression, represented by a factor
(mℓ/mB)
2, implies very low decay rates for ℓ = e, µ; using Vub = 3 · 10
−3 and
fB = 200 MeV one predicts: B(B
− → e−ν¯e) ≃ 6.6 10−12; B(B− → µ−ν¯µ) ≃
2.8 10−7 a. This problem is absent in the τ channel, which however presents
identification difficulties. One may ask whether fB could be obtained from
other decays. A candidate 2,3 is B− → µ−ν¯µγ, since a third body in the final
state prevents helicity suppression. Indeed, using a relativistic potential model
we predict that its branching ratio is higher than in the purely leptonic channel
4; this gives us the possibility to access fB from this decay mode.
2 B− → µ−ν¯µγ in a Relativistic Potential Model
The amplitude of the decay B−(p) → µ−(p1) ν¯µ(p2) γ(k, ǫ) can be written as
A(B− → µ−ν¯µγ) =
GF√
2
Vub
(
Lµ ·Πµ
)
, where Lµ = µ¯(p1)γ
µ(1−γ5)ν(p2) is the
weak leptonic current and Πµ = Πµνǫ
∗ν is the hadronic correlator:
Πµν = i
∫
d4xeiq·x < 0|T [Jµ(x)Vν (0)]|B(p) > . (1)
In (1) q = p1 + p2, Jµ = u¯γµ(1 − γ5)b is the weak hadronic current and
Vν =
2
3e u¯γνu−
1
3e b¯γνb is the electromagnetic current containing the coupling
of the photon both to the light and the heavy quark. The B meson is described
by a wave function ψB(~k1) representing the distribution of the heavy quark
momentum ~k1 inside the hadron. In the B rest frame it can be obtained by
a Experimental bounds 1 are: B(B− → e−ν¯e) < 1.5 10−5, B(B− → µ−ν¯µ) < 2.1 10−5.
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solving numerically a Salpeter equation which includes relativistic effects in
the kinematics 5. Quark interaction is described by the Richardson potential,
reproducing QCD phenomenology since it is linear for large distances, and
therefore confining, and it behaves as αs(r)r for small r, according to asymptotic
freedom. Spin interaction can be neglected, being O(m−1b ). In this framework,
we obtain 4:
Γ(B− → µ−ν¯µγ) =
G2F |Vub|
2
3(2π)3
∫ mb/2
0
dk0k0(mb − 2k
0)[|Π11|
2 + |Π12|
2] (2)
where Π11 and Π12 derive from (1)
4. Moreover, the bound |~k1| ≤
m2
B
−m2
u
2mB
is obtained assuming that the b quark has a running mass: m2b(
~k1) = m
2
B +
m2u−2mB(
~k21+m
2
u)
1/2, and imposing m2b ≥ 0, an equation stemming from the
requirement of energy conservation at quark level 6: Eb + Eu = mB (Eb,u =
(~k21 + m
2
b,u)
1/2). Finally, we put a cut-off Λ for small photon energies k0 to
avoid the unphysical divergences in (2) for k0 → 0, corresponding to no photon
emitted in the final state b. Using Λ = 350MeV , we obtain 4:
B(B− → µ−ν¯µγ) = 0.9 · 10
−6 (3)
a result that depends very slightly on Λ. The computed photon spectrum (Fig.
1) shows a peak around 1.5 GeV .
Figure 1: Photon energy spectrum in the decay B− → µ−ν¯µγ.
bThe inclusion of radiative corrections would formally cancel the divergence; notice that only
photon energies larger than 50MeV are experimentally measurable.
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3 How to relate fB to B
− → µ−ν¯µγ
The determination of fB from B
− → µ−ν¯µγ relies on heavy quark symmetries.
In fact, in the limit mb → ∞ fB can be related to the B
∗ decay constant
fB∗ , defined by: < 0|b¯γµq|B
∗(p, ǫ) >= fB∗mB∗ǫµ, by the relation: fB =
fB∗ =
Fˆ√
mb
, with Fˆ independent of mb. Theoretical analyses
7 indicate: Fˆ ≃
0.35 GeV 3/2. To relate B− → µ−ν¯µγ to Fˆ , let us consider that the decay
proceeds through bremsstrahalung and structure dependent diagrams. The
B−
s
(
) γ
B∗−
⌢
⌣
  
µ−
❅❅¯ν
B−
s
(
) γ
B′−
1
⌢
⌣
  
µ−
❅❅¯ν
Figure 2: Polar diagrams contributing to B− → µ−ν¯µγ
former vanish if one puts mµ = 0, as we do; the latter are polar diagrams (Fig.
2), the pole being either a B∗ or a B′1; this second state is the only J
P = 1+
meson which couples to the weak current in the mb →∞ limit. We get
3:
Γ(B− → µ−ν¯µγ) = Γ
(B∗) + Γ(B
′
1
)
=
∫ mB
2
0
2 dEγ E
3
γ(mB − 2Eγ)
3(2π)3
[
|C1|
2f2B∗
(Eγ +∆)2
+
|C2|
2f2B′
1
(Eγ +∆′)2
]
, (4)
where C1 (C2) depends on the coupling gB∗Bγ (gB′
1
Bγ)
3. Expression (4) gives
access to fB∗ , and hence to Fˆ , if Γ
(B′
1
) ≪ Γ(B
∗). Using theoretical inputs to
compute (4), we found: Γ(B
′
1
) ≃ Γ(B
∗)/10, concluding that the contribution
of the second diagram can be included in the uncertainty on fB. Within this
approximation, Γ(B− → µ−ν¯µγ) is proportional to Fˆ 2. We propose a method
to get Fˆ based on the experimental knowledge of both B(B− → µ−ν¯µγ) and
gB∗Bγ . The prediction B(B
− → µ−ν¯µγ) ≃ O(10−6) suggests that this mea-
surement could be accessible at the future B factories c. As for gB∗Bγ , it is not
experimentally known, but heavy quark symmetries relate it to the analogous
D coupling gD∗Dγ
9. The measurement: B(D∗0 → D0γ) = 36.4± 2.3± 3.3% is
already available10. Since the bound Γ(D∗0) < 131 KeV 11 is not far from cur-
rent predictions9, it is possible that Γ(D∗0) will be measured in the next future.
Such measurement would give gD∗Dγ . To show the sensitivity of the method,
we used two theoretical inputs for gD∗Dγ . The plot of B(B
− → µ−ν¯µγ) versus
Fˆ is shown in Fig. 3 3. The experimental result for B(B− → µ−ν¯µγ) would
cA recent analysis 8 gives: B(B → µνµγ) < 9.5 · 10−5; B(B → eνeγ) < 1.6 · 10−4.
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give Fˆ . In the expected range of values of Fˆ , the results in Fig. 3 confirm that
B(B− → µ−ν¯µγ) should be O(10−6).
Figure 3: The branching ratio B(B− → µ−ν¯µγ) versus Fˆ ; the curves (a) and (b) refer to the
values: Γ(D∗0 → D0γ) = 22 KeV and Γ(D∗0 → D0γ) = 11 KeV , respectively.
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